In the present work we compute the spectrum of quasinormal frequencies of fourdimensional charged black holes in Einstein-power-Maxwell theory. In particular we study scalar perturbations adopting the 6th order WKB approximation. We analyze in detail the behaviour of the spectrum depending on the charge of the black hole, the quantum number of angular momentum and the overtone number. In addition, a comparison is made between the results obtained here and the results valid for charged black holes in other theories as well as for the Reissner-Nordström black hole. Finally, we have provided an analytical expression for the quasinormal spectrum in the eikonal limit.
Introduction
General Relativity (GR) and Quantum Field Theory comprise the two cornerstones of modern theoretical physics. Within the framework of GR black holes (BH) as well as gravitational waves (GW) are predicted to exist. Stability of the exterior spacetime of classical BHs against small perturbations and quasinormal modes (QNM) have been an old issue in the field [1] [2] [3] [4] [5] [6] (see also the Chandrasekhar's monograph 7 ). BH perturbations generically are characterized by three stages. First, production of radiation due to the initial conditions, then damped oscillations (with complex frequencies), and finally a power-law decay of the fields. The complex frequencies of the form ω = ω R − ω I i depend entirely on the few BH parameters, namely the mass, the electric charge and the rotation speed, and are the so-called QNM of the BH. The real part determines the period of the oscillation, T = 2π/ω R , while the imaginary part describes the decay of the fluctuation at a time scale t D = 1/ω I .
Until recently there were only weak evidences regarding the existence of BH and GW, such as supermassive BH in the center of galaxies, and decay orbit of binary systems due to gravitational radiation. Things have changed after the historical LIGO direct detection of gravitational waves [8] [9] [10] in BH mergers, which provides us with the strongest evidence so far that BHs exist and merge, and opens a completely new window to our Universe. The black hole perturbation, such as in the late stage of a black hole formation, can be described by quasinormal modes, and the gravitational radiation is expected as a damped sinusoidal waveform. Since the spectrum of quasinormal frequencies carries unique information about the parameters of the black hole, by observing the quasinormal spectrum, i.e., the frequencies and damping rates, we can determine the mass and angular momentum of a spinning black hole. It thus becomes clear that studying QNMs is important, and it is for this reason that QNM of BHs have attracted a lot of attention lately. For an old review on QNM see e.g., 11 while for a recent review on the subject see.
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Apart from the standard Maxwell's linear electrodynamics, other theories of electrodynamics, non-linear in nature, have been introduced and investigated in the literature for several reasons. Originally the Born-Infeld non-linear electrodynamics was introduced in the 30's in order to obtain a finite self-energy of point-like charges. 13 Over the last decades this type of action reappears in the open sector of superstring theories 14, 15 as it describes the dynamics of D-branes. 16, 17 On the other hand, straightforward generalization of Maxwell's theory leads to the so called Einstein-power-Maxwell (EpM) theory described by a Lagrangian density of the form L(F ) = F k , where F is the Maxwell invariant, and k is an arbitrary rational number. Clearly the special value k = 1 corresponds to linear electrodynamics.
The reason why studying such a class of theories is interesting lies on the fact that Maxwell's theory in higher dimensions D > 4 is not conformally invariant, while in a D-dimensional spacetime the electromagnetic stress-energy tensor of the EpM theory is traceless if the power k is chosen to be k = D/4. Therefore in four dimensions the linear theory is conformally invariant, and this corresponds of course to the standard Maxwell's theory. In a three-dimensional spacetime, however, if k = 1 the theory is linear but the electromagnetic stress-energy tensor is not traceless, whereas if k = 3/4 the theory is conformally invariant but non-linear. Black hole solutions in (1+2)-dimensional and higher-dimensional EpM theories have been obtained in 18 and 19 respectively, whereas the corresponding (1+2)-dimensional EpM black hole has been studied in the context of scale dependent coupling in. 20 In addition, according to 19 if k = 0 one can redefine the parameters to obtain the usual BTZ black hole solution 21, 22 as well as the corresponding scale dependent counterpart.
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In the present article we wish to compute the QNM of charged black holes in non-linear electrodynamics, and in particular in four-dimensional EpM theory. Our work is organized as follows: After this Introduction, we present the theory and the corresponding black hole solution in the next Section, while the wave equation for scalar perturbations and QNM are discussed in Section 3. In the fourth Section we compute the QNM of the black holes in the WKB approximation and we discuss our numerical results. Finally, we conclude our work in Section 5.
The theory and the black hole solutions
We consider the theory in (1+3) dimensions described by the action
where κ = 8πG, with G being Newton's constant, is the gravitational constant, k is an arbitrary rational number, R is the Ricci scalar, g the determinant of the metric, and F µν is the electromagnetic field strength. Varying the action with respect to the metric and the gauge field A µ one obtains the field equations
where F ≡ F µν F µν is the Maxwell invariant, while G µν is the Einstein tensor. Seeking spherically symmetric static solutions of the form
with r being the radial distance, the metric function f (r) is found to be
where µ, q are two arbitrary constants related to the mass M and the electric charge Q of the black hole, while the power β in four dimensions is given by
In the following we shall be considering the case where the power β > 1. In this case in order to have real roots for the metric function f (r) the constants µ, q must satisfy the conditions µ > 0 and also
where the upper bound corresponds to extremal black holes. Clearly the standard Reissner-Nordström black hole corresponds to k = 1 and β = 2. In the following we will compute the QNM of this class of black holes for β = 3/2 (or k = 7/6) and we shall fix the mass parameter to be µ = 2. We use natural units such that c = G = = 1 and metric signature (−, +, +, +).
The wave equation for scalar perturbations and QNM
Next we consider in the above gravitational background a probe minimally coupled massless scalar field with equation of motion
Using the standard ansatz
with Y m l being the spherical harmonics, we obtain an ordinary differential equation for the radial part
where the prime denotes differentiation with respect to radial distance r, and l is the quantum number of angular momentum. Next we define new variables as follows (12) with x being the so-called tortoise coordinate, and we recast the equation for the radial part into a Schrödinger-like equation of the form
Therefore we obtain for the effective potential the expression
The effective potential as a function of the tortoise coordinate can be seen in Figures  1 and 2 . Fig. 1 shows how the potential changes with l for a fixed charge, while Fig.  2 shows how the potential changes with the electric charge for a given l. For asymptotically flat spacetimes the Schrödinger-like equation is supplemented by the boundary conditions
where A, C + , C − are arbitrary coefficients. Up to now, the procedure is exactly the same used to compute the so-called graybody factors (GBF), which show the modification of the spectrum of Hawking radiation due to the effective potential barrier, and where the frequency is real and takes continuous values. For an incomplete list see e.g. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] and references therein. The QNM are determined requiring that the first coefficient of the second condition vanishes, i.e. C + = 0. The purely ingoing wave physically means that nothing can escape from the horizon, while the purely outgoing wave corresponds to the requirement that no radiation is incoming from infinity. We thus obtain an infinite set of discrete complex numbers called the quasinormal frequencies of the black hole. 
QNM of charged BH in EpM theory in the WKB approximation
Computing the QNM of black holes analytically is possible only in very few cases, see e.g. [42] [43] [44] [45] Semi-analytical methods based on the WKB approximation 46, 47 are perhaps the most popular ones, and they have been applied extensively to several cases. For an incomplete list see e.g. [48] [49] [50] and for more recent works 51-55 and references therein. The QN frequencies are given by
where n = 0, 1, 2... is the overtone number, ν = n + 1/2, V 0 is the maximum of the effective potential, V 0 is the second derivative of the effective potential evaluated at the maximum, while Λ(n), Ω(n) are complicated expressions of ν and higher derivatives of the potential evaluated at the maximum, and can be seen e.g. in.
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Here we have used the Wolfram Mathematica 56 code with WKB at any order from one to six presented in.
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In 58 it was shown that the WKB approximation works very well for l > n, and therefore here we shall consider the cases i) l = 1, n = 0, ii) l = 2, n = 0, n = 1 and iii) l = 3, n = 0, n = 1, n = 2. We have also included the lowest multiple l = 0, n = 0 since it corresponds to the fundamental mode, although we do not expect the approximation to be very good. Finally, we shall consider non-extremal black holes (for the extremal case see 59 ), while the eikonal regime l 1 will be considered separately in the end before concluding our work.
Our numerical results for the QN modes of the EpM black holes are summarized in the tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 and 11 below. We have fixed the mass parameter to be µ = 2, that corresponds to a black hole mass M = 1, and for the electromagnetic coupling q we have considered 11 values from 0.10 to 1.07 (the extremal black hole is obtained for q = 1.09), so that the numerical results go smoothly to the Schwarzschild limit as q → 0. Finally in the last 2 tables we have made a direct comparison between EpM black holes and the standard ReissnerNordström (RN) black hole 60 for l = 1, n = 0 and l = 2, n = 0. Next we show graphically how the QNMs depend on the angular momentum, the overtone number as well as the electromagnetic coupling. In particular, Figure 3 shows the real part of the frequencies versus q for 3 different values of the overtone number n = 0, 1, 2 and fixed angular momentum l = 3, while 5 shows the real part of the frequencies versus q for 4 different values of angular momentum l = 0, 1, 2, 3 and fixed n = 0. Similarly, Figures 4 and 6 show the imaginary part of the frequencies versus q for the same values of l, n. The real part increases with the electric charge and with the angular momentum, like in the case of RN. In other theories too, such as Born-Infeld and Gauss-Bonnet gravity, the real part of QNM of charged BH increases with the electric charge. 52, 55 The imaginary part becomes more and more negative with the electric charge, and less and less negative with the angular momentum, like in the RN case. 60 It is worth commenting on the characteristic minimum of the imaginary part (or maximum if one plots −Im(ω) versus q) for some value of the electric charge close to its maximum value, like in the RN case and contrary to Born-Infeld and Gauss-Bonnet gravity, where the imaginary part is a monotonic function of the electric charge.
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Finally, in the eikonal limit (l → ∞) the WKB method becomes increasingly accurate. As a matter of fact, in the Schwarzschild case it gives the correct result, 61 while for near extremal black holes the true potential is given by the Pöschl-Teller (PT) potential 44, 62, 63 
for which the QN modes can be computed exactly, and in terms of the parameters of the PT potential they are given by 12, 45
In addition, following the ideas and the formalism developed in, 64 the QN modes in the eikonal limit can be computed by the formula
where the Lyapunov exponent λ L is given by
while the angular velocity Ω c at the unstable null geodesic is given by
with f (r) being the lapse metric function, and r c is the root of the algebraic equation
See, however, 65 for a counter example where the correspondence between the null geodesics and the eikonal regime does not work. For the metric function we consider here, and introducing z = √ r, the previous algebraic equation for r c takes the form of the cubic equation
the determinant of which is computed to be
Given the formulas above for the real part of the frequencies we obtain the expression
while for the imaginary part we obtain the expression
where z is given by
The formulas above are valid in linear electrodynamics. In the presence of non-linear electromagnetic fields, however, photons follow the null geodesics of an effective geometry 66-68
where the magnetic factor G m = 1 if the BH is not magnetically charged, while the electric factor G e is given by 66, 67
with L F and L F F being the first and the second derivative respectively of the electromagnetic Lagrangian with respect to the Maxwell invariant, while the electric charge q e is given by
In this framework the expressions valid in linear electrodynamics are modified by factors of G m /G e and derivatives with respect to r evaluated at r c . For the EpM theory L = F k , however, the factor G e turns out to be a constant, G e = 2k−1 = 4/3, which simplifies things. In this case the algebraic equation for r c as well as the Lyapunov exponent remain the same, 66, 67 while the real part of the frequencies is corrected by a pre-factor 1/ √ G e . 66, 67 Therefore finally we obtain the following expressions for the QN modes in the eikonal limit in EpM theory Re (ω ) Fig. 3 . Re(ω) as a function of electromagnetic coupling q for l = 3 in three different cases: i) n = 0 (solid black line), ii) n = 1 (dashed red line) and iii) n = 2 (dotted-dashed blue line). We have assumed that µ = 2 and β = 3/2.
Conclusions
In this article we have computed the quasinormal modes of four-dimensional charged black holes in Einstein-power-Maxwell non-linear electrodynamics. We have studied scalar perturbations using a Schrödinger-like equation with the appropriate effective potential, and we have adopted the popular and extensively used WKB approximation. Our numerical results are summarized in tables, and we have shown graphically the behaviour of the spectrum on the electric charge of the black hole as well as on the overtone number and on the quantum number of angular momentum. An analytical expression for the QN spectrum in the eikonal regime has been obtained, and the comparison with the RN black hole as well as with charged black holes in other theories, such as Born-Infeld and Gauss-Bonnet gravity, is made.
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